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Accurate Object Localization in Gray Level Images
Using the Center of Gravity Measure: Accuracy

Versus Precision
H. C. van Assen, M. Egmont-Petersen, and J. H. C. Reiber, Senior Member, IEEE

Abstract—A widely used subpixel precision estimate of an ob-
ject center is the weighted center of gravity (COG). We derive three
maximum-likelihood estimators for the variance of the two-dimen-
sional (2-D) COG as a function of the noise in the image. We assume
that the noise is additive, Gaussian distributed and independent be-
tween neighboring pixels.

Repeated experiments using 2500 generated 2-D bell-shaped
markers superimposed with an increasing amount of Gaussian
noise were performed, to compare the three approximations.

The error of the most exact approximative variance estimate
with respect to true variance was always less than 5% of the latter.
This deviation decreases with increasing signal-to-noise ratio. Our
second approximation to the variance estimate performed better
than the third approximation, which was originally presented by
Oron et al.[1] by up to a factor 10. The difference in performance
between these two approximations increased with an increasing
misplacement of the window in which the COG was calculated with
respect to the real COG.

Index Terms—Center of gravity, centroid, measurement noise,
object position, object recognition, subpixel precision, variance.

I. INTRODUCTION

OBJECT detection plays an important role in many image-
processing problems. Examples from medical imaging

are marker recognition [2] and leukocyte tracking. In remote
sensing, tasks like automatic target recognition and delineation
of particular areas entail object recognition. In such applica-
tions, it is important to determine the position of each detected
object with the highest possible accuracy and precision. When
the positions of the objects need to be known with subpixel pre-
cision, accurate and robust estimates can be obtained by com-
puting their center of gravity [3].

We will present a framework for analyzing the accuracy (bias)
and precision (variance) of the weighted center of gravity in the
presence of noise, see Fig. 1. In this paper, we first review dif-
ferent noise generating processes (Section II). In Section III, the
total variance is subdivided into a bias of the mean and the vari-
ance around this mean center of gravity. Subsequently, we de-
rive a novel formula for the variance of the weighted center of
gravity measure, along with two approximations. In Section IV,
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Fig. 1. (a) Estimated COG is biased, but successive realizations (in the
presence of noise) show a small dispersion. (b) Estimated COG is unbiased,
but highly dispersed. (c) Estimated COG is biased, and highly dispersed.
(d) Optimal situation, where the estimated COG is unbiased and successive
realizations show a small dispersion.

the validity of the formulas and the circumstances under which
these approximations suffice are investigated experimentally.
Section V contains our conclusions.

II. BACKGROUND

Define a noise-free image as a two-dimensional (2-D)1

sampled function ( , ) of the discrete coordinates
and . Assume that the

intensity of the pixels in a noisy image is the result of
successive realizations of a random variable . The
noise-generating process is defined by the class of stochastic
functions : , with
the -dimensional parameter vector describing the stochastic
model of . We distinguish between three (external) general
noise generating processes.

• Additive noise: ;
• Multiplicative noise: (see,

e.g., [4]);
• Impulsive (Salt-and-Pepper) noise:

(see [5]).

1In [13] we generalize our results to 3-D-coordinates.
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The simplest stochastic process is that of additive noise. In
fact, the linearity of the weighted center of gravity is justified
in a situation with additive noise. We limit our analysis of the
weighted center of gravity to the situation with additive noise.

III. CENTER OFGRAVITY AND ITS VARIANCE

Let us define a detection function (e.g., a filter),
whose output is related to the probability that the coordinate

is the central pixel of the object to be detected. In the
sequel, we assume that the value center
for being in some neighborhood, , in the
vicinity of the true object center. In a gray-level image, the
weighted center of gravity of the object is defined as [3]

(1)

with a function that weighs the coordinates defined as
where when

or when . In the first case,

where the parameter , the center of gravity is attracted to
the brighter pixels in whereas for , darker pixels attract

. In practical applications,

(e.g., 0.01) and for bright-center objects, whereas
and for dark-center objects.

Equation (1) shows that the noise is propagated to the
weighted center of gravity through the weights . Define
the variance of the center of gravity for as

(2)

with ( ) denoting the true and ( ) the esti-
mated center of gravity, and the number of observations. We
propose to split the variance component of the weighted center
of gravity into the variance of the estimates in rela-
tion to the estimated mean , and the bias component,

, which yields (see Appendix A)

(3)

with .
The weighted center of gravity is only an
unbiased estimator of the true center when

for . In the pres-
ence of noise the variance around the mean remains (see
Table II).

In order to find an expression for the variance of the quotient
of two stochastic terms, (3), we start off with the delta-method2

[6], which states that for a stochastic variable
, where denotes the mean of the variable

. Let denote the quotient of two entities and , so this
approximation can be rewritten as

(4)

with the covariance between and . Because the
centers of the - and -coordinates are independent, we will
perform the derivation for the-coordinate only. Define as
the numerator and as the denominator in (1), i.e.,

, and . Inserting
these terms into (4) yields

(5)

From (1) and from the definition of , we can estimate the
mean and variance in as and

, respectively, with
the estimated average of the weights in, and the coor-
dinate of the estimated center of gravity, in the neighborhood
[7]. Similarly, the estimated average and variance of the denom-
inator in (4), become and , respec-
tively. Let the center of the areabe the origin of the coordinate
system such that the covariance term in (4) can be omitted [1].
This yields the following approximation to

(6)

with the estimated center of gravity in the-direction. If
the object is positioned centrally inside the neighborhoodof
the marker’s center of gravity (i.e., and are very
close to zero) the second terms inside the brackets in (6) (i.e.,

2In [13] we specify the conditions under which this approximation holds.
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(a) (b)

Fig. 2. Bias in the mean of the COG (for thex-coordinate) of a marker as a function of the standard deviation of the noise in the gray levels. The different series
indicate different window misplacements (x = 5:5 means that the window was placed centrally on the marker). (a) Without application of a threshold. (b) With
application of a threshold.

(a) (b)

Fig. 3. Comparison of the true variance of the COG from simulation data with values from equations (6) and (7). The origin of the coordinate system was placed
at the COG. (a) Window was placed centrally on the marker. (b) Window was misplaced along thex-direction by 3.0 pixels.

) can also be neglected and, thus, (5) simplifies to the
approximation derived by Oronet al. [1]

(7)

IV. EXPERIMENTS

A. Experimental Setup

Simulations with synthetic objects were carried out to inves-
tigate the accuracy of the derived variance estimators (5)–(7).
We conducted a number of simulations in which 2500 markers
with a (2-D) circular bell shape [8] and a size of 1010 pixels
were generated. The gray values of the centers of the markers
were set close to 2 whereas the values at the edges were close
to 0. Gaussian zero-centered noise with with
steps of 0.05 was superimposed on the markers. Two experi-
ments were performed using a 1010 neighborhood . Addi-
tionally, one experiment was performed to measure image de-
formation.

B. Experiment 1—Misplacing the Window

We investigated the influence of translating the object away
from the center of the window [having coordinates (5.5, 5.5)]
along the -axis. Fig. 2(a) shows the results from the first exper-
iment. Fig. 2(b) shows that applying a threshold to the marker
images before calculating the centers of gravity reduces the in-
trinsic bias toward the center of. The threshold was applied
such that the center of gravity was always based on the 16 largest
gray values in the window . It is clear from this experiment
that the bias caused by misplacing the window can be reduced
by application of a threshold.

C. Experiment 2 Precision of the Approximate Variance
Estimators

In the second experiment, the true variance of the center of
gravity estimates was compared to the approximations from (6)
and (7). The variances were compared, for markers translated
by 0, 1.5 (not shown) and 3.0 pixels along the-direction.

The simulations show that (6) is a good approximation to the
true resulting variance of the center of gravity measure [Fig. 3(a)
and (b)], and (7) is a good approximation if the marker is posi-
tioned centrally in the window. From this experiment, it is clear
that (6) outperforms (7), the approximation derived by Oronet
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TABLE I
RESULTS OFTWO-SIDED STUDENT’ST -TESTWITH HYPOTHESISH : TWO HORIZONTAL OR VERTICAL DISTANCES AREEQUAL. THE CRITICAL VALUE FORT WAS

2.101, WITH 1 � � = 0:975 and� = 18, . IN THE TABLE, d IS THE UPPERMOST, d THE MIDDLE AND d THE LOWEST HORIZONTAL

DISTANCE AND d IS THE LEFTMOST, d THE MIDDLE AND d THE RIGHTMOST VERTICAL DISTANCE. WITH DECREASINGSNR, THE

HYPOTHESISH CAN BE REJECTED IN ADECREASINGNUMBER OF TESTS

Fig. 4. Radiograph of the rectangular grid used in experiment three. The band
crossings used to measure the horizontal and vertical distances are indicated
with black dots. All the distances measured were distances over 4 cells (white
arrow illustrates the cord).

al. [1], when is not centered on the center of gravity of the
marker.

D. Experiment 3—Assessment of Image Deformation

In this experiment, we used a radiograph of a rectangular cal-
ibration grid [Fig. 4(a)] to assess the amount of image deforma-
tioncausedbypincushiondistortion.An imageof thegridwasac-
quired with a tube voltage of 60 kV and convolved with the LoG
(Laplacian of the Gaussian kernel) [9] in order to find the cross-
ingsof thehorizontalandverticalbands.Thecrossings’ locations
were roughly estimated using the Hough Transform [10]. Before

calculating each center of gravity from the radiograph itself, the
neighborhood was superimposed with additive Gaussian noise
with a specific variance. Table I shows the results of the Student’s
T-tests for the hypothesis H: two parallel cords have the same
length. It appears from Table I that when the SNR deteriorates,
the number of significantly different cord lengths, for which the
hypothesis H can be rejected, decreases.

V. DISCUSSION

Both the estimated center of gravity and its variance depend
on the size of the window that encompasses the pixels that are re-
garded as belonging to the object. It is clear from both (6) and (7)
that a larger leads to a decrease in the variance asoccurs in
the denominators of both variance formulas. Decreasing the size
of the window, on the other hand, diminishes the probability that
pixels that do not belong to the particular object enter the calcu-
lation. Hence, the center of gravity may be estimated more accu-
rately, because this decreases the averaging bias (see Table II).

Our simulations indicate that a threshold should in general be
applied. Several automatic methods have been developed for op-
timal threshold selection, for a discussion, see, e.g., [11]. Which
threshold value is optimal for estimating the center of gravity, de-
pends on the intensity pattern surrounding the object center, the
chosen window size, the level of the noise present and the pre-
ferred tradeoff between the (inversely related) averaging bias and
discretization bias, and variance. A high threshold implies that
onlya fewpixelsenter thecomputation.A lowthresholdresults in
more averaging, because more pixels enter the center-of-gravity
calculation, such that noise has less influence on the center of
gravity estimate. However, this compromises the accuracy (aver-
agingbias) in thesensethat thecenterofgravityestimatebecomes
biased by the positioning of the window (see Table II).
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TABLE II
THIS TABLE SUMMARIZES THE RESULTSFOUND IN OUR SIMULATION STUDIES. THE UP-ARROW IN CELL (1,1), WHICH COMBINES BIAS WITH INCREASING

WINDOW SIZE, INDICATES THAT INCREASING THEWINDOW SIZE WILL INCREASE THEBIAS IN THE CENTER OFGRAVITY ESTIMATE COMPARED WITH THE TRUE

OBJECTCENTER. THE DOWN-ARROW IN CELL (2,1), WHICH COMBINES VARIANCE WITH INCREASINGWINDOW SIZE, INDICATES THAT INCREASING THEWINDOW

SIZE WILL DECREASE THEVARIANCE IN THE ESTIMATED CENTER OFGRAVITY . A 0, E.G., IN CELL (5,1), INDICATES THAT SHIFTING THE OBJECT HASNO EFFECT

ON THE BIAS WHEN A THRESHOLD ISAPPLIED BEFORE THECOGIS COMPUTED

VI. CONCLUSION

In this paper, we have studied the behavior of the (weighted)
center of gravity estimate as a function of additive noise present
in gray value images. Furthermore, we analyzed the influence
of applying a threshold to the gray value image (which deter-
mines the weighing scheme) for a possible bias and variance of
the center of gravity measure. The decision whether to apply a
threshold to the gray value image or not, is basically a choice be-
tween accuracy and precision. Application of a threshold before
the center of gravity is computed, results in general in a better
accuracy (smaller bias) but a worse precision. For a specific ap-
plication where the exact object centers should be known, we
recommend experiments be conducted to establish the desired
tradeoff between bias and variance. Our variance formula makes
it possible to estimate the tradeoff between accuracy and pre-
cision, in the presence of noise. Factors that can be varied are
listed in Table II. We have compared three formulas for the esti-
mation of the variance of the center of gravity measure with the
true variance. Our approximation (6) performs much better than
the one presented by Oron [1] (7), when the evaluation window

is not centered on the true center of gravity. Because the true
center of gravity is generally unknown beforehand, a misplace-
ment of the window might easily occur. In this case, if an
estimation of the precision of the center of gravity measure is
requested, our novel estimator (6) should be applied. In conclu-
sion, we can state that in order to find the best estimate for the
center of gravity in a gray level image, a threshold should in
general be applied to (the local neighborhood in) the image be-
fore calculating a center of gravity measure.

APPENDIX

In Section IV, we define the variance of the center of gravity
for as

(A.1)

with denoting the true and
the estimated center of gravity and

the number of observations. Next, we propose to divide the
variance component of the weighted center of gravity into the
variance of the estimates in relation to the estimated
mean and the (squared) bias component [7], [12],

.
In order to achieve this, we subtract and add (only-com-

ponents are shown,-components are identical) to the
term in (A.1). This yields

(A.2)

Expanding the quadratic term, gives us

(A.3)

In (A.3), the term is a constant
and because of the definition of in (7) the term

is equal to zero. Substituting
this finding in (A.3), results in

(A.4)

which is equal to the -component of (6).
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